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ABSTRACT

LeadingLyapunov exponentsandvectorsarecalculatedfor a turbulentbaroclinicjet in a

quasigeostrophicmodelwith
�

(105) degreesof freedom.Theleadingexponentis closeto 0 � 4d � 1

andtheunstablesubspacehasdimensionbetween30 and40. TheleadingLyapunov vectors

exhibit a strongcorrelationof their potentialvorticity (PV) with thePV gradientsof theunper-

turbedflow. Theseperturbationsdo not,however, appearto beinstabilitiesof smallerscaleon

theturbulentflow. Instead,they sharethescalesof theflow itself (at leastif measuredalongPV

contours)andoftensimply representphaseshiftsor displacementsof existing featuresin the

flow. Singularvectorsconstrainedto subspaceof Lyapunov vectorsarealsocalculated.Maxi-

mumamplificationfactorsover two daysare,on average,about6, 7.5,and9 (comparedto the

factorof two implied by theleadingexponent)for subspacesof theleading20,35 and60 Lya-

punov vectors,respectively.
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1. INTRODUCTION

Numericalmodelstypically representthegoverningequationsfor theatmosphereor ocean

asa setof coupled,nonlinearordinarydifferentialequations.Givena (time dependent)solution

from a certaininitial condition,a naturalquestionis thenthestability of thatsolutionto small

perturbationsof theinitial condition. This is theproblemof Lyapunov stability, which gener-

alizesfamiliar linearstability analysesfor steadyflows andunderliescharacterizationsof geo-

physicalflows aschaotic.This notepresentsLyapunov stability resultsfor a dampedanddriven

quasigeostrophicflow with broadsimilarity to theatmosphericmidlatitudejet. Specialempha-

siswill begivento thestructureof thegrowing perturbationsandtheir relationto theoriginal,

unperturbedflow.

Asidefrom its theoreticalinterest,Lyapunov stability providesinformationon therateat

which forecasterrorsgrow andon theform thatthey will assume,at leastin thecasethat the

forecastmodelis reasonablyaccurateandtheforecasterrorsarenot too large. Theresultsof

Lyapunov stability alsofind applicationin areassuchasensembleforecasting(Toth andKalnay

1997)anddataassimilation(Swansonet al. 1998).

Excludingresultsfrom low-ordermodels,little is known abouttheLyapunov stability of

atmosphericflows. Severalstudieshave employedthesamethree-layer, quasigeostrophic,hemi-

sphericmodeltruncatedat T21 (VannitsemandNicolis 1997;Swansonet al. 1998;Reynolds

andErrico 1999). This notescomplementsandextendsthosepreviousstudiesby usinga dif-

ferentquasigeostrophicmodel,with differentgeometry, differentforcing andmoredegreesof

freedom,andby characterizingthestructureof theleadingLyapunov vectorsandtheir relation

to theunperturbedflow.

2. BACKGROUND

To fix ideas,let theunperturbedflow evolve accordingto

�
x̄ � ��� = f(x̄) � (1)
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wherex̄(
�
) is thestateof theflow in somediscreterepresentation(suchasspectralcomponents

or grid-pointvalues).Perturbationsx thataresufficiently small thensatisfy
�
x � �	� = 
 x with 


givenby theJacobianmatrix of with respectto x̄; this relationmayin turn beintegratedover a

time interval [ ��� � ] to yield

x(
�
) = 
 (x̄ ����� � )x( � ) � (2)

where 
 is thepropagatoror resolventmatrix anddependson theunperturbedsolutionandthe

time interval.

Lyapunov stability thenconcernsthebehavior of solutionsof (2) as
��� ��� � . An excel-

lent introductionto thetheoryaswell asfurtherreferencescanbefoundin LegrasandVautard

(1995). Here,we briefly review thepointsof importanceto whatwill follow.

Therearetwo key results.First,almostany initial perturbationwill amplify exponentially

whenaveragedover a sufficiently long interval; therateof amplificationdefinestheleadingLya-

punov exponent,� 1. This exponentis a propertyonly of (1) andis independentof thespecific

unperturbedsolutionx̄ andof thechoiceof normto measuretheperturbationamplitude.Sec-

ond,almostany perturbationinitialized far in thepastwill convergeat a futuretime
�

to a spe-

cific direction,givenby theunit vectorw1(
�
). This is theleadingLyapunov vector(LV), which

dependson
�

andimplicitly on x̄.

More generally, thereexistsa sequenceof exponents������� anda correspondingsetof or-

thonormalvectors� w ��� suchthat,given(almost)any setof � initial perturbations,thehyper-

volumedefinedby theseperturbationsgrows on averageexponentiallyat therate ���� =1 ��� and

thesubspacespannedby theseperturbationsconvergesaftersufficient time to span� w1 � � � �!� w � � .
Becausewe requiretheLVs to beorthogonal,eachw � exceptthefirst dependson thechoiceof

innerproduct.

Our numericalcalculationof theexponentsandthecorrespondingLVs � w ��� follows the

standardmethod(seeLegrasandVautard1985). Specifically, � initial perturbationsareinte-

gratedforwardwith thetangentlinearmodellinearizedabouttheunperturbedsolution,with pe-

riodic orthonormalizationusinga modifiedGram-Schmidtprocedureandthetotal energy inner
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product(asdefinedin Snyderet al, 2001). As theintegrationcontinues,theportionof the " th
perturbationthat is orthogonalto thesubspaceof thefirst " � 1 perturbationsconvergesto w � and

its averageamplificationconvergesto ��� .
It is worth notingtheanalogywith traditionallinearstability analysesof steadyflows. In

thatcase,perturbationsasymptoticallygrow at therateof, andconvergeto thestructureof, the

mostunstableeigenmode.For time-dependentsystems,however, theamplificationat any instant

mayvary eventhoughtheaverageamplificationis proscribedas
� � � , andthestructureto

which perturbationsconvergeevolvesin time.

3. THE UNPERTURBED SOLUTION AND THE QUASIGEOSTROPHIC MODEL

Theunperturbedsolutionconsistsof aninterval of 480daystakenfrom thestatistically

steadystateof a dampedanddrivenquasigeostrophicmodel. Thecharacteristicsof thesolu-

tion aswell asthequasigeostrophicequationsandtheir numericalintegrationaredescribedmore

fully in Snyderet al. (2001).

In this model,theflow is periodicin # andis confinedbetweenrigid surfacesat $ = 0 ��$�%
and & = 0 ��' . Theflow is drivenby relaxationof thepotentialvorticity1 (PV) to a baroclinic

zonaljet andis dampedby a combinationof Ekmanpumpingat thesurfaceanda fourth-order

numericaldissipationappliedto thepotentialvorticity. Parametersarechosenasin Snyderet

al. (2001);in particular, thezonalperiodicityis 16 ( 103 km, thewidth $�% of thechannelis

8 ( 103 km, its depth ' is 10km, therelaxationhasa time scaleof 20 days,andtheequilibrium

zonaljet hasa maximumvelocity of 60ms� 1.

Thenumericalmodelusesa grid-pointdiscretization.For theresultsshown here,thereare

128pointsin # , 64 in $ and8 in & .

In thestatisticallysteadystate,solutionsto this modelarecharacterizedby a strongbaro-

clinic jet in thecentralportionof thechannelthat intensifiesfrom thesurfaceto thelid. The

flow is turbulentandexhibits anapproximatepower-law dependenceof thevelocity varianceat

1 Throughoutthisnote,PV will referto thegeneralizedPV thatincludescontributionsfrom the

potentialtemperatureat & = 0 ��' in themannerof Bretherton(1966).
5



channelcenteron zonalwave number(seeFig. 3 of thefollowing section).Meandersor waves

move alongthejet from eastto west,with zonalwavenumbers3 or 4 (in unitsof periodsper

channellength)dominating.Thesewavesfrequentlybreakandform cutoff eddiesin bothPV

andstreamfunction.Snapshotsof theflow areshown in Snyderet al. (2001;seealsoFig. 4 here).

Thestructureof thePV in thestatisticallysteadystateis qualitatively similar to thatof the

midlatitudetroposphere,asdiscussedfor examplein Hoskinset al. (1985). In particular, the

horizontalPV gradientat & = ' is concentratedalongthejet, sothat thejet marksanabrupt

changebetweenregionsof relatively uniform PV; thesameis trueto a lesserextentat thesur-

face.Comparedto thoseneartheboundaries,however, PV gradientsin theinterior of theflow

aresmall. This structureof thePV will turn out to control thestructureof theleadingLVs, as

will bediscussedin thefollowing section.

4. STABILITY OF THE UNPERTURBED SOLUTION

a. Lyapunov exponents

Figure1 shows estimatesof thefirst 60 Lyapunov exponents,�����)��" = 1 � � � �!� 60� . Thelead-

ing exponentimpliesan(asymptotic)doublingtime for perturbationsof abouttwo days.Of the

remainingexponents,35 arepositive,sothat theunstablesubspacehasdimensionapproximately

36,comparedto the
�

(105) degreesof freedomin thenumericalmodel.

VannitsemandNicolis (1997),in contrast,foundtheunstablesubspaceto have dimension

102in a differentquasigeostrophicmodelwith
�

(103) degreesof freedom.Thereasonsfor this

differenceareunclear, thoughtheir modelhasa differentgeometryandits flow is maintainedby

differentforcing mechanisms.

Theexponentsshown in Fig. 1 shouldbeconsideredestimatesonly, becausethey arebased

on anintegrationover thefinite time interval 0 * � * 240days.Thecrossesin Fig. 1 indicate

exponentscalculatedon theinterval 240days * � * 480days.Theleadingexponentdiffersby

1% betweentheintervals,while thesecondexponentdiffersby 8%. Althoughit is not centralto

our purposehere,thenumberof positiveexponentsis thussubjectto someuncertainty.
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b. Time-averagedcharacteristicsof Lyapunov vectors

Of greaterinterestis thestructureof theLVs andtherelationof thatstructureto theunper-

turbedflow. First, considertime-averagedquantities.

Thevariationwith heightof theLV amplitudeis shown in Fig. 2, in termsof bothpotential

enstrophy(that is, thesquaredPV) andtotal energy. Valuesshown aretheaverageover thefirst

20 LVs andover 21 timesbeginningat
�

= 40daysandcontinuingto
�

= 240daysat intervals

of 10 days.(Averagesover many LVs suffice becausethereis little variationandno systematic

trendamongtheLVs.) Thefigurealsodisplayspotentialenstrophyandenergy for deviationsof

theunperturbedsolutionfrom its zonalmean.

Thepotentialenstrophyof for theleadingLVs is dominatedby thetop andbottombound-

aries,wherermsvariationsof thePV area factorof 10 largerthanin theinterior. Consistent

with thestreamfunctionthatwould beobtainedby invertingsucha distribution of PV, theen-

ergy is alsomaximizedat top andbottomanddecaysinto theinterior. Theunperturbedsolution

sharesboththesecharacteristics.

Thus,boththeleadingLVs andtheunperturbedsolutionappearto becontrolledby thePV

at theboundarieswith only a secondarycontribution from theinterior. Direct inversionsof ei-

ther theboundaryor interior PV aloneconfirmthattheflow arisesmainly from theboundary

PV, althoughtheflow associatedwith theinterior PV is not negligible. In this respect,boththe

leadingLVs andtheunperturbedsolutionresemblethemidlatitudetroposphere,wherePV anoma-

lies at thesurfaceandtropopausearetheprimarydynamicalagents(e.g.,Hoskinset al. 1985,

Davis 1992).

In thehorizontal,theleadingLVs possessnoticeablyfiner scalesthan’ theunperturbedsolu-

tion. As shown in Fig. 3, thekinetic energy spectrumat &	�+' = 1 andalongthechannelcenter

peaksat wavenumber4 for theLVs insteadof wavenumber3, andhasa muchshallowerslopein

theinertial range(roughly5 *-,.* 30). This shallower slopeis in accordwith thepredictions

of closuresfor two-dimensionalturbulence;MétaisandLesieur(1986)notethatperturbations

shoulddevelopa , � 1 dependencein contrastto the , � 3 decayof theturbulentflow.
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We have alsocheckedthedependenceof theLVs on thechoiceof innerproductby reorthog-

onalizingwith innerproductsbasedon potentialenstrophyor squaredstreamfunction.In fact,

thereis surprisinglylittle dependenceon theinnerproduct:we examinedthefirst 20 LVs from

21 individual times(asin theaveragingdiscussedabove) andin all casestheprojectionof the

" th LV for onenormontothe " th LV for anothernormwasgreaterthan0.9.

c. Instantaneousstructure of Lyapunov vectors

We next considertherelationof thefirst LV to theinstantaneousflow in theunperturbedso-

lution. Fig. 4 shows thePV at themodeltop for w1 andtheunperturbedsolutionat
�

= 120,

140,160days;thesetimeswerechosenmerelyasthecenterof theinterval over which expo-

nentsandvectorswerecalculated.

A striking propertyat eachof thetimesis theconcentrationof theperturbationwherethe

unperturbedPV gradientis large. An objectivemeasureof therelationof w1 to unperturbedPV

gradientsis thecorrelationof theabsolutevalueof theperturbationPV with themagnitudeof

theunperturbedPV gradient.Thetime seriesof this correlationfor thelevel &	�+' = 1, shown in

Fig. 5, hasa typical valueof about0.6. Thereis somevariationin time but theconcentrationof

w1 alongtheunperturbedPV gradientis clearlynot limited to thetimesshown in Fig. 4.

Moreover, theperturbationsarenot instabilitiesor wavesof finer scalesuperimposedon the

unperturbedgradient:if we follow a contourof unperturbedPV, theperturbationshave scales

comparableor identicalto theunperturbedsolution. In directionsparallelto thelocal PV gradi-

ent,however, perturbationsarehighly compressed.(It is this compressiongivesriseto therel-

atively flat energy spectrumof theperturbations.)Thus,w1 oftensimply representsa displace-

mentor phaseshift of featuresin theunperturbedsolution.

In Fig. 4a,for example,w1 is stronglycorrelatedwith the # derivativeof theunperturbed

solution. Adding theperturbationto theunperturbedsolutionwould thusshift zonallyboththe

cutoff featureat # = 8000km and,becauseit includesanintrusionof low PV thatgivesrise

to a positive-negative-positivepatternof thederivative, the leadingedgeof thetroughat # =

6000km. Althoughtheotherexamplesshown in Fig. 4 arelessclear-cut, thegeneralprinciple
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is clear. SnyderandJoly (1998)andSnyder(1999)give furtherexamplesof perturbationsthat

grow asdisplacementsor modificationsof existing finite-amplitudefeaturesin anunperturbed

flow.

At otherlevelsaswell, thePV of theleadingLV retainsits correlationwith theunperturbed

PV gradient.Sincetheunperturbedgradienthassubstantialverticalcoherence,theperturbation

PV alsohasslow verticalvariation. This, togetherwith thefact thatby far thelargestperturba-

tion PV is foundat theboundaries,insuresthat thestreamfunctionfor w1 inheritsthesmooth

interior structureand(typically) weakwestwardtilt with heightof thebaroclinicwavesin the

unperturbedsolution.

Finally, all of theabove characteristicsaresharedat leastqualitatively by LVs beyondw1.

Thetime-averagedcorrelationof theperturbationPV with theunperturbedPV gradient,for ex-

ample,is between0.5and0.6 for all of thefirst 60 LVs.

d. Singularvectors confinedto a Lyapunov subspace

It is well known that,over a givenfinite time interval, therewill beperturbationsthatam-

plify at a rategreaterthan � 1. For example,asillustratedby Fig. 6, thelocal (in time) amplifica-

tion of w1 maybesubstantiallylargeror smallerthanthat implied by � 1. In addition,LVs other

thanw1 mayhave thelargestamplificationover a giventime interval [seeFig. 4 of Vannitsem

andNicolis (1997)].

It is straightforwardto calculatetheperturbationwithin a givensubspacethatamplifiesmost

over a giventime interval.3 This perturbationis theleadingsingularvectorfor thepropagator

3 Let / ( � ) be the matrix whose " th column is w � ( � ) for the � LVs (or indeedlet those

columnsbe any set of orthogonalunit vectorsspanninga subspaceof interest). Next, define
0

(
�
) = 
 ( ��� � ) / ( � ) andperformasingularvaluedecompositionon

0
, sothat

0
= 1 Σ 243 where

Σ = diag( 5 1 � � � �!��5 � ) and 1 and 2 areorthogonalmatrices.Themaximumamplificationis then

5 16 2
1 andtheperturbationthatachievesthis is / v1, wherev1 is thefirst columnof 2 . In general,

thecolumnsof /72 aretheinitial singularvectorsfor theinterval [ ��� � ] constrainedto thecolumn

spaceof / .
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 constrainedto thechoseninitial subspace,andmoregenerallythecalculationyieldsa setof

singularvectorsthatspanthechoseninitial subspace.Swansonet al. (2000)presenta similar

calculationin thecontext of differentquasigeostrophicmodel.

Themaximumandminimumamplificationfactorsfor thesubspacespannedby thefirst 20

LVs arealsoshown in Fig. 6 for a sequenceof 2-dayintervals. On average,themaximumam-

plification is 6.1ascomparedto the2-dayamplificationof about2 implied by � 1. In addition,

thereis typically a perturbationthatdecaysby abouta factorof 2 over thesameintervals,even

thoughall theperturbationsin thesubspacegrow asymptotically. For thesubspacesspannedby

thefirst 35 andfirst 60 LVs, theaveragemaximumamplificationsare7.6and9.4, respectively,

andtheaverageminimumamplificationsare0.37and0.28.

Thestructureof theperturbationwith largestamplificationis, not surprisingly, qualitatively

similar to thatof the leadingLVs. In particular, its PV is stronglycorrelatedwith theunper-

turbedPV gradientandit possessesscales(at leastalongPV contours)comparableto theun-

perturbedsolution. Theperturbationwith largestamplificationalsotypically doesnot resemble

any singleLV but hassignificantprojectionon several.

5. SUMMARY AND DISCUSSION

For thequasigeostrophicbaroclinicjet consideredhere,the leadingLVs inherit many char-

acteristicsof theunperturbedflow. In particular, like theunperturbedflow theLVs have strongest

PV perturbationsat theupperandlower boundariesand,consistentwith this PV structure,their

wind andtemperatureperturbationstoo aremaximizedneartheboundariesandminimizedin the

interior. TheleadingLVs alsohave scalescomparableto thoseof theunperturbedflow.

A key finding is that thePV perturbationsassociatedwith theleadingLVs arestronglycor-

relatedwith theunperturbedPV gradient.Qualitatively, thesePV perturbationstake theform

of long strips,with scalesagaincomparableto thoseof theunperturbedflow, lying alongcon-

toursof unperturbedPV in regionsof largePV gradients.Thus,theLVs arenot instabilitiesor

wavesof smallerscalesuperposedon theunperturbedsolution(in analogywith, say, parallel-
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flow instabilities);instead,they representdisplacementsor modificationsof existing featuresof

theunperturbedsolution.

Theform of theLVs is, in retrospect,perhapsnot surprising.Advectionof PV controlsthe

dynamicsof theunperturbedflow andperturbationsarethereforeadvectedpassively exceptwhere

their velocitiesinteractwith theunperturbedPV gradient.Away from strongPV gradients,the

perturbationsareshearedandstretchedto smallerscalesby theunperturbedflow andeventu-

ally dissipated.Theperturbationsthen,asa roughapproximation,becomestronglycorrelated

at long timeswith thelargeunperturbedPV gradientsat theupperandlower boundaries.This

correlationis of courseimperfectsincetheperturbationPV andtheunperturbedgradientssatisfy

differentevolution equations;for example,stronggradientneednot alwaysimply largeperturba-

tions,asthegradientmaystrengthenin regionswheretheLV haslittle amplitude.Snyderet al.

(2001)discussin moredetail thetendency for perturbationsto correlatewith theunperturbedPV

gradient.

Moreover, we shouldnot expecttheLVs to introducequalitatively new structuresor scales

into theflow, sincetheLVs arein essenceaninstability of a turbulentflow. If theunperturbed

flow wereunstableto qualitatively differentstructuresor scales,thosewould soonappearin the

flow.

Onepoint thatwe have touchedupononly tangentiallyis themechanismby which theLVs

grow. As notedabove, thesimplestanalogywith instabilitieson parallelflow or flows with slow

spatialvariation,seemsinappropriate.Anotherpossibility is thenotionof Farrell andIoannou

(1999)that thegrowth of theLVs is a consequenceof thetime-dependenceof theunperturbed

flow. It is not obvious,however, how to extendto thepresentcasetheir examples,which sim-

ply make thebasicstatetime dependentin theparallel-flow problem.A final possibility is the

view put forwardby SnyderandJoly (1998)andSnyder(1999),in which attentionis focussed

on flows with finite-amplitudestructuresandthepotentialfor perturbationgrowth via displace-

mentsor modificationsof thoseexisting features.This view hastheadvantageof fitting with the

phenomenologyof theLVs, but we have sofar beenunableto developa morecompletetheory
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thatwould describehow suchdisplacementsin turn engenderfurtherperturbationsof similar

character.
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FIGURECAPTIONS
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Figure1. Thefirst 60 Lyapunov exponentscalculatedover thetime interval 0 * � * 240days

(dots),andthefirst 20 exponentsover theinterval 240days * � * 480days(crosses)
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Figure2. (a) Time- andarea-averagedpotentialenstrophyE asa functionof heightfor themean

of thefirst 20 Lyapunov vectors(solid line) andfor deviationsof theunperturbedsolution

from its zonalmean(dotted).(b) As in (a), but for thetime- andarea-averagedtotal energy
F
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Figure3. Thetime-averagedpower spectrafor kinetic energy at $ = $�%G� 2 and &	�+' = 1. The

solid line shows themeanof thefirst 20 Lyapunov vectorsandthedottedshows theunper-

turbedsolution.
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Figure4. ThePV of the leadingLyapunov vectorat &	�+' = 1. Contoursareshown at 1� 4 and

3� 4 of the(arbitrary)maximumamplitudeandnegativevaluesdotted.GraylinesarePV

contoursat &	�+' = 1 for theunperturbedsolution;thecontourinterval correspondsto about

20K of potentialtemperatureon thetropopause.Upper, middleandlower panelsshow, re-

spectively,
�

= 120,140,160days.
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Figure5. Thecorrelation,asa functionof time,of thesquareof thePV at &	�+' = 1 for the

leadingLyapunov vectorwith themagnitudeof thehorizontalgradientof theunperturbed

PV at thesamelevel.

120 130 140 150 160

10
0

10
1

t (days)

A
m

pl
ifi

ca
tio

n

Figure6. Two-dayamplificationsfor the leadingLyapunov vector(solid line) andfor thefirst

andlastsingularvectors(dots)constrainedto thesubspacespannedby theleading20 Lya-

punov vectors.Amplificationsarefor the(squareroot of) total energy.
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